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$n(\geq 2)$ $\mathrm{R}_{+}^{n}=\{(\tilde{x}, x_{n})\in \mathrm{R}^{n};\tilde{x}\in \mathrm{R}^{n-1}, x_{n}>0\}$
Boussinesq
(B) $\{$
$\partial_{t}u-\Delta u+u\cdot\nabla u+\nabla p=g\theta$, $t>0$ , $x=(\tilde{x}, x_{n})\in \mathrm{R}_{+}^{n}$ ,
$\partial_{t}\theta-\Delta\theta+u\cdot\nabla\theta=0$ , $t>0$ , $x=(\tilde{x}, x_{n})\in \mathrm{R}_{+}^{n}$ ,
$\mathrm{d}\mathrm{i}\mathrm{v}u=0$, $t>0$ , $x=(\tilde{x}, x_{n})\in \mathrm{R}_{+}^{n}$ ,
$u|_{\theta \mathrm{R}_{+}^{\mathfrak{n}=}}0$ , $\theta|_{\theta \mathrm{R}_{+}^{n=}}S(\tilde{x}, t)$ ,
$u|_{t=0}=u_{0}$ , $\theta|_{l=0}=\theta_{0}$
$u=(u^{1}(x, t),u^{2}(x, t),$ $\cdots,u^{\mathrm{n}}(x,t)),$ $\theta=\theta(x, t),$ $p=p(x,t)$
$g=(\mathrm{O}, 0, \cdots, 0,g^{n})$ – $S(\tilde{X}_{)}t)$
$\partial \mathrm{R}_{+}^{n}$
$\Omega$
( [2],[9] ) ,\theta O
q- (q<\infty )
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$u_{0}(x),$ $\theta_{0}(x)$
Cannone[4], $\mathrm{G}\mathrm{i}\mathrm{g}\mathrm{a}- \mathrm{I}\mathrm{n}\mathrm{u}\mathrm{i}- \mathrm{M}\mathrm{a}\mathrm{t}\mathrm{s}\mathrm{u}\mathrm{i}[10]$
$\in L^{\infty}(\mathrm{R}^{n})$ $\mathrm{d}\mathrm{i}\mathrm{v}$ $=0$ in $D’$
Navier-Stokes $(-$
$\mathrm{G}\mathrm{i}\mathrm{g}\mathrm{a}- \mathrm{I}\mathrm{n}\mathrm{u}\mathrm{i}- \mathrm{K}\mathrm{a}\mathrm{t}\triangleright \mathrm{M}\mathrm{a}\mathrm{t}\mathrm{s}\mathrm{u}\mathrm{i}[11]$, J.Kato[17] )
2 $\mathrm{G}\mathrm{i}\mathrm{g}\mathrm{a}-\mathrm{M}\mathrm{a}\mathrm{t}\mathrm{s}\mathrm{u}\mathrm{i}-\mathrm{S}\mathrm{a}\mathrm{w}\mathrm{a}\mathrm{d}\mathrm{a}[12]$ Navier-Stokes
Boussinaeq
(Sawada [28]) [28] $\mathrm{d}\mathrm{i}\mathrm{v}u=0$ in $D’$
$(u_{0}, \theta_{0})\in(L^{\infty}(\mathrm{R}^{n})\cross\dot{B}_{\infty,1}^{0}(\mathrm{R}^{n}))$












2 $\#^{\backslash }\prime \mathrm{f}\mathrm{f}\#$
$\mathrm{F}\mathrm{f}\mathrm{l}\not\in \text{ }$ $h(x_{n})=$
1 $(0\leq x_{n}<1)$
$\in C^{\infty}([0, \infty))$ $(\tilde{x}, b)\in\partial \mathrm{R}_{+}^{n}\mathrm{x}[0, \infty)$
$0$ $(x_{n}>2)$




$\overline{\theta}=\theta-\overline{S}$ , $\overline{\theta}_{0}(x)=\theta_{0}(x)-\overline{S}(x, 0)$ (B)
2
(B’) $\{$
$\partial_{t}u-\Delta u+u\cdot\nabla u+\nabla p=g(\overline{\theta}+\overline{S})$ ,
$\partial_{t}\overline{\theta}-\Delta\overline{\theta}+u\cdot\nabla\overline{\theta}=-\partial_{t}\overline{S}+\Delta\overline{S}-u\cdot\nabla\overline{S}$,
$\mathrm{d}\mathrm{i}\mathrm{v}u=0$, $t>0$ , $x=(\tilde{x},x_{n})\in \mathrm{R}_{+}^{n}$ ,




$e^{+}f,$ $e^{-}f,$ $e^{0}f$ $e^{\pm}f(\tilde{x},x_{n})=\{$
$f(\tilde{x},x_{n})$ $(x_{n}\geq 0)$
$\pm f(\tilde{x}, -x_{n})$ $(x_{n}<0)$
’
$e^{0}f(\tilde{x},x_{n})=\{$ $0f(\tilde{x}, x_{n})$ $(x_{n}\geq 0)(x_{n}<0)$ . $\mathbb{R}_{+}^{n}$ $n$




Matsui[14] ) $P$ $P=(P_{ij})_{1\leq i,j\leq n}=(\delta_{i,j}+$





$u|_{\partial \mathrm{R}_{+}^{n\cdot=}}0$ , $\overline{\theta}|_{\theta \mathrm{R}_{+}^{n=}}0$,
$u|_{t=0}=u_{0}$ , $\overline{\theta}|_{t=0}=\overline{\theta}_{0}$
$A=-P_{+}\Delta$ Stokes (AB)




Littlewood-Paley : $\varphi_{j}\in S(j=\pm 1, \pm 2, \pm 3, \cdots)$ $\hat{\varphi}_{j}(\xi)=$
$\hat{\varphi}_{0}(2^{-j}\xi)$ , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\hat{\varphi}_{0}\subset\{1/2<|\xi|<2\},$ $1= \sum_{j=-\infty}^{\infty}\hat{\varphi}_{j}(\xi)(\xi\neq 0)$ ,
$1= \hat{\psi}(\xi)+\sum_{j=0}^{\infty}\hat{\varphi}_{j}(\xi)(\xi\in \mathrm{R}^{n})$ Besov space
3
( Besov space)
$s\in \mathrm{R},$ $1\leq p,$ $q\leq\infty$ o
$B_{\mathrm{p},q}^{\epsilon}=B_{\mathrm{p},q}^{s}(\mathrm{R}^{n})$ $\equiv\{f\in S’;||f||_{\dot{B}_{\dot{p},q}}<\infty\}$
$\dot{B}_{p,q}^{f}=\dot{B}_{p,q}^{\epsilon}(\mathrm{R}^{n})$ $\equiv\{f\in S’/\mathcal{P};||f||_{\dot{B}_{\mathrm{p},q}^{\epsilon}}<\infty\}$ ( $\mathcal{P}$ )
$||f||_{B_{\mathrm{p},q}^{\epsilon}}$
$\equiv$








$\equiv$ $\sup$ $2^{js}||\varphi_{j}*f||_{p}$ .
$-\infty<i<\infty$
(s,p, q)
(1) $s<n/p$ $s=n/p,$ $q=1$
$\dot{B}_{p,q}^{\delta}(\mathrm{R}^{n})$ $S’$
(2) $\dot{B}_{p,q}^{\epsilon}(\mathrm{R}^{n})\cong\{f\in S’$ ; $||f||_{\dot{B}_{\dot{p},q}}<\infty$ and $f= \sum_{j=-\infty}^{\infty}\varphi_{j}*f$ in $S’\}$
$(s,p, q)$ (1) (2) $\dot{B}_{\mathrm{p},q}^{\epsilon}(\mathrm{R}^{n})$
( Besov space)
$B_{\mathrm{p},q,+}^{t}=B_{\mathrm{p},q}^{\epsilon}(\mathrm{R}_{+}^{n})\equiv$ { $f;\exists g\in B_{p,q}^{f}(\mathrm{R}^{n})\mathrm{s}.\mathrm{t}$. $f=g$ in $D(\mathrm{R}_{+}^{n})$ }, $||f||_{B_{\dot{\mathrm{p}},q,+}}=$ inf $||g||_{B_{\dot{p},q}}$
$\dot{B}_{p,q}‘(\mathrm{R}_{+}^{n})$
$(B_{\infty q1’+,\sigma}^{-\prime})0<s<1,1\leq q\leq\infty$ $0$
$B_{\infty,q,+,\sigma}^{-\theta}\equiv$ { $u\in(B_{\infty,q,+}^{-\epsilon})^{n};\mathrm{d}\mathrm{i}\mathrm{v}$ $Eu=0$ in $S’$}





Lemma 3.1 $(a)0<s<1,1\leq q\leq\infty,$ $\chi(x_{n})=1_{(0,\infty)}(x_{n})$
$f\in B_{\infty,q}^{-\epsilon}\Rightarrow\chi\cdot f\in B_{\infty,q}^{-\epsilon}$,
$||f||_{B_{\infty,q,+}^{-}}\cong||e^{0}f||_{B_{\infty,q}^{-\epsilon}}$
$(b) \sup_{\overline{x}\in \mathrm{R}^{n-1}}|f(\tilde{x},x_{n})|\in L^{p}(0, \infty)(1\leq p\leq\infty)$
. $-1$
$\Rightarrow e^{\pm}f,$ $e^{0}f\in B_{\infty^{\mathrm{p}}\infty},,$
$||e^{\pm}f||_{\dot{B}_{\infty^{p}\infty}^{-1}},\cong||e^{0}f||_{\dot{B}_{\infty^{\mathrm{p}}\infty}^{-1}},\leq C||f||_{L^{\mathrm{p}}(0,\infty\cdot L(\mathrm{R}_{5}^{n-1}))}|\infty$
. $\cdot$ . $0<s<1,1\leq q\leq\infty$
$||e^{0}f||_{\dot{B}_{\infty,q}^{-\leq C||f||_{L_{w}^{1}(0,\infty;L(\mathrm{R}_{i^{-1}}’))\cap L(\mathrm{R}_{+}^{n})}}}\cdot\infty\cdot\infty$
Lemma 3.2 $0<s<1,1\leq q<\infty$
$(l)-A$ genemtes an analytic continuous semi-group $\{e^{-tA}\}_{t\geq 0}$ on $B_{p_{1}q,+,\sigma}^{-t}$ .
(2)$f\in B_{\infty,q,+,\sigma}^{-S}$
$(a)$ $||e^{-tA}f||_{B_{\infty,q,+,\sigma}^{-\epsilon}}\leq C(s)||f||_{B_{\infty,q,+,\sigma}^{-}}\cdot$ ,
$(b)$ $||e^{-tA}f||_{L} \infty\leq C(s, \delta)(1+\frac{1}{t})^{s/2+\delta}||f||_{B_{\infty,q,+,\sigma}^{-}}\cdot$ , $(\delta>0)$
(c) $|| \nabla e^{-tA}f||_{B_{\infty,q,+}^{-}}\cdot\leq C(s, \epsilon)(1+\frac{1}{t})^{1/2+\epsilon}||f||_{B_{\infty q,+,\sigma}^{-\delta}}|$ ’ $(\epsilon>0)$
$(d)$ $||e^{-tA}f-e^{-\tau A}f||_{B_{\infty,q,+,\sigma}^{-\epsilon}}\leq C(s)(t-\tau)^{\alpha}\tau^{-\alpha}||f||_{B_{\infty,q,+,\sigma}^{-\epsilon}}$ $(0\leq\alpha\leq 1,0<\tau<t)$
Remark $\mathrm{D}\mathrm{e}\mathrm{s}\mathrm{c}\mathrm{h}- \mathrm{H}\mathrm{i}\mathrm{e}\mathrm{b}\mathrm{e}\mathrm{r}- \mathrm{P}\mathrm{r}\ddot{\mathrm{u}}\mathrm{s}\mathrm{s}[5]$ $-A$ $L_{\sigma}^{\infty}$
Lemma
Theorem 1 Let $0<s<1,1\leq q<\infty_{f}u_{0}\in B_{\infty,q,+,\sigma}^{-l},$ $e^{-}\overline{\theta}_{0}\in$
$\dot{B}_{\infty,1}^{0}(\mathrm{R}^{n}))$ , and $S,$ $\partial_{\tilde{x}}^{2}S,$ $\partial_{t}S\in C^{\alpha}([0, \infty);L^{\infty}(\mathrm{R}_{\overline{x}}^{n-1}))$ for some $\alpha>0$ .
Then there enist $T>0$ and unique solution $(u,\overline{\theta})$ to (AB) on $[0, T)$ such
that
$u\in C([0, T);B_{\infty,q,+,\sigma}^{-\epsilon})\cap C^{1}((0, T);B_{\infty,q,+,\sigma}^{-\epsilon})\cap C((0,T);D(A))$
$e^{-}\overline{\theta}\in C([0, T);\dot{B}_{\infty,1}^{0})\cap C^{1}((0, T);\dot{B}_{\infty,1}^{0})\cap C((0, T);\dot{B}_{\infty,1}^{2})$ .
5
$D(A)$ $D(A)=(I+A)^{-1}B_{\infty,q,+,\sigma}^{-\epsilon}$ $D(A)\subset B_{\infty,q,+,\sigma}^{-S}\cap$
$B_{\infty,q,+}^{-\epsilon+2-\epsilon}$ for all $\epsilon>0$ $D(A)\subset W^{1,\infty}$
$u\in D(A)$ $u|_{\partial \mathrm{R}_{+}^{n=}}0$ $\dot{B}_{\infty,1}^{0}\subset BC(\mathbb{R}\text{ }$





$2(\mathrm{a})\text{ }$ + $A)^{-1}uD(A)$ $B_{\infty,q,+,\sigma}^{-\epsilon}u\mathrm{i}\mathrm{n}B_{\infty,q}^{-\epsilon}$,$u\in B_{\infty,q,+,\sigma}^{-s}$
$(\lambdaarrow\infty)$ ( [32]
)
$-A$ $0<\theta<\pi,$ $|\arg\lambda|<\theta,$ $\lambda\neq 0$
$(*)$ $||( \lambda+A)^{-1}f||_{B_{\infty,q,+,\sigma}^{-}}\cdot\leq C_{\theta}\frac{1}{|\lambda|}||f||_{B_{\infty,q,+,\sigma}^{-\epsilon}}$
[5] $(\lambda+_{d}4)^{-1}f=(\lambda-\Delta)^{-1}e^{-}f+Tf$
$Tf(\tilde{x},x_{n})$ $= \int_{0}^{\infty}\int_{\mathrm{R}^{\mathfrak{n}-1}}G(\tilde{x}-\tilde{x}’,x_{n}’,x_{n}, \lambda)f(\tilde{x}’,x_{n}’)d\tilde{x}’dx_{n}’$
$\int_{\mathrm{R}^{\mathfrak{n}}}\chi(x_{n}’)G(\tilde{x}-\tilde{x}’,x_{n}’,x_{n}, \lambda)f(\tilde{x}’,x_{n}’)d\tilde{x}’dx_{n}’$
$G$ [5]
$|Tf(\tilde{x}, x_{n})|$ $\leq$ $||\chi(\cdot)G(\cdot, \cdot, x_{n}, \lambda)||_{B}\mathrm{i}_{q’}.||f||_{B_{\infty,q,+,\sigma}^{-\epsilon}}$
$\leq$ $C \frac{1+|\lambda|^{\epsilon/2}}{|\lambda|}\cdot\frac{1}{1+|\lambda|^{1/2}x_{n}}||f||_{B_{\infty,q,+,\sigma}^{-}}$.
. $\cdot$ . $||Tf($ ., $x_{n})||_{L(\mathrm{n}_{\mathrm{z}}^{\mathfrak{n}-1})} \infty\leq C\frac{1+|\lambda|^{\delta/2}}{|\lambda|}\cdot\frac{1}{1+|\lambda|^{1/2}x_{n}}||f||_{B_{\infty,q,+,\sigma}^{-}}$.
$|\lambda|\leq 1$
$||Tf||_{B_{\infty,q,+}^{-}} \cdot\leq C||Tf||_{L^{\Phi}(\mathrm{R}^{n})}\leq C\frac{1}{|\lambda|}||f||_{B_{\infty,q,+,\sigma}^{-*}}$
6
$|\lambda|\geq 1$
$||Tf||_{B_{\infty,q,+}^{-}}$. $\leq$ $C||e^{0}Tf||_{B_{\infty,q}^{-}}.\leq C||e^{0}Tf||_{\dot{B}_{\infty,\mathrm{r}}^{-\epsilon}}$
$C| \lambda|^{-\iota/2}||e^{0}Tf(\frac{\tilde{x}}{|\lambda|^{1/2}}, \frac{x_{n}}{|\lambda|^{1/2}})||_{\dot{B}_{\infty,q}^{-}}$.





(3) $u(t)=e^{-tA}u_{0}- \int_{0}^{t}e^{-(t-\tau)A}P_{+}(u\cdot\nabla u)(\tau)d\tau$
$+ \int_{0}^{t}e^{-(t-\tau)A}P_{+}(g\overline{\theta}+g\overline{S})(\tau)d\tau$
(4) $\overline{\theta}(t)=e^{t\Delta}e^{-}\overline{\theta}_{0}-\int_{0}^{t}e^{(t-\tau)\Delta}e^{-}(u\cdot\nabla(\overline{\theta}+\overline{S})+\partial_{t}\overline{S}-\Delta\overline{S})(\tau)d\tau$
Iteration $e^{t\Delta}$ Heat semi-group















( [21] ) $)$
$||e^{-(t-r)A}P_{+}(g\overline{S})||_{B_{\infty,\mathrm{e}}^{-l}}$ $\leq$ $C||PE(g\overline{S})||_{\dot{B}_{\infty,q}^{-}}$.
$\leq$ $C||E(g\overline{S})||_{\dot{B}^{-}}\infty.,q$
(Lemma 1 (b) A $\mathrm{t}_{)}$ ) $\leq$ $C||(g\overline{S})||_{L_{w}^{1}(\infty}0,\infty jL(\mathrm{R}^{n-1}))\cap L\infty(\mathrm{R}^{n})$
$P_{+}g\overline{\theta}$
$||e^{-(t-\tau)A}P_{+}(g\overline{\theta})||_{B_{\infty,q}^{-}}$. $=$ $||e^{-(t-\tau)A}P(0,0, \cdots, |g|e^{-}\overline{\theta})||_{B_{\infty,q}^{-}}$.
$\leq$ $C||P(0,0, \cdots, |g|e^{-}\overline{\theta})||_{B_{\infty,q}^{-}}$.
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